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Today we will learn... ?/11

Introduce irregular languages

Intuition of the Pumping lemma

The Pumping lemma formally

Proving a language to be irregular (with the Pumping lemma)
Formally proving a language to be irregular (with Coq)

| Section 1.4 irregular Languages (I TC book)
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What is a regular language?




What is a regular language? ?/11

Definition 1.16

We say that L is regular if there exists a DFA M such that L(M) = L.
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Fxample ] ?/11

Let /N7 be the following NFA:

a,b a,b

s L(N7) regular?
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A,

UMASS

Example ]

Let /N7 be the following NFA:

a,b

s L(N7) regular?

Yes. Proof: we can convert N7 into an equivalent DFA, which then satisfies Definition 1.16.
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FExample ] ?/11

Let /N7 be the following NFA:

a,b a,b

s L(Ny) regular?

Yes. Proof: we can convert N7 into an equivalent DFA, which then satisfies Definition 1.16.

Theorem

| We say that L is regular, if there exits an NFA N such that L(N) = L,
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Fxample 2 ?/11

s L(0 U 1%) regular?
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Fxample 2 ?/11

s L(0 U 1%) regular?

Yes. Proof: We have that L(0 U 1*) = L(NFA(0 U 1*)), which is regular (from the
previous theorem).
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Fxample 2 ?/11

s L(0 U 1%) regular?

Yes. Proof: We have that L(0 U 1*) = L(NFA(0 U 1*)), which is regular (from the
previous theorem).

Theorem

I We say that Ly is regular, if there exits a regular expression R such that L(R) = L,
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What is a regular language? ?/11

1. A language is regular if there exists a DFA that recognizes it
2. A language is regular if there exists an NFA that recognizes it
3. Alanguage is regular if there exists a Regex that recognizes it
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Example ?/11

The language of strings that have a possibly empty sequence of n zeroes followed by a
sequence of n ones.

Ly ={0"1" |Vn: n >0}

s this language regular?’
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Example ?/11

The language of strings that have a possibly empty sequence of n zeroes followed by a
sequence of n ones.

Ly ={0"1" |Vn: n >0}
s this language regular?’

How do we prove that a language is not regular?
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Example ?/11

The language of strings that have a possibly empty sequence of n zeroes followed by a
sequence of n ones.

Ly ={0"1" |Vn: n >0}
s this language regular?’

How do we prove that a language is not regular?

The only way we know is by proving that there is no NFA/DFA/regex that can recognize
such a language.
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irregular languages

How do we prove that a language is not regular?

9/39




How do we prove a language IS irregular? ?/11

e There are multiple ways to do it: pumping lemma, Myhill-Nerode theorem
e In this course, we will use of the pumping lemma.

Michael Rabin and Dana Scott (1959). "Finite Automata and Their Decision Problems" . IBM
Journal of Research and Development. 3 (2):114-125.D01:10.1147/rd.32.0114.
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https://en.wikipedia.org/wiki/Pumping_lemma_for_regular_languages
https://en.wikipedia.org/wiki/Myhill%E2%80%93Nerode_theorem
https://doi.org/10.1147%2Frd.32.0114

Using the pumping lemma

to prove irregularity




Pumping lemma ?/11

An intuition

The pumping lemma tells us that all regular languages (that have a loop) have the
following characteristics:

Every word in a regular language, w € L, can be partitioned into three parts w = xyz:
e aportion x before the first loop, L 0
e aportion y that is one loop's iteration start —(] 1 '% 0 '@
(nonempty), and N
e aportion z that follows the first loop

Additionally, since y is a loop, then it may be omitted or replicated as many times as we
want and that word will also be in the given language, that is a:yiz e L
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Pumping lemma ?/11

Pictorial intuition

1 0

1 0
start — q1 q2

You: Give me any string accepted by the automaton of at least size 3.
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Pumping lemma ?/11

Pictorial intuition

1 0

1 0
start — q1 q2

You: Give me any string accepted by the automaton of at least size 3.
Example: 100
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Pumping lemma ?/11

Pictorial intuition

start — 1

You: Give me any string accepted by the automaton of at least size 3.

Example: 100
Me: | will partition 100 into three parts 100 = zyz such that £y’ z is accepted for any :
10 0 e
YT
e £z = 10 - € = 10is accepted e zyyyyz = 100000 is accepted
» zyyz = 1000 is accepted e zyyyyyyz = 10000000 is accepted
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Pumping lemma ?/11

Pictorial intuition

start — q1

You: Give me a string of size 4.
Example: 1100
Me: | will partition 1100 into three parts 1100 = zyz such that £y’ z is accepted for any i:

1 1 00
NN
T Y z
e £z = 100is accepted e zyyyyz = 1111100 is accepted
e zyyz = 11100is accepted e zyyyyyyz = 111111100 is accepted
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The Pumping Lemma, formally




Pump language
We say that w is in language Pump(L, p) if:

1. You can partition w into three sections: |
w=x- Y-z
2. The middle section y is nonempty

3. The first two sections have at most
lengthp: |z -y| <p

4.Foranyi,wehavez -y’ -z € L

A,

UMASS
BOSTON

Inductive Pump L p (w:word) : Prop :=

pump_def:

forall x y z,

w:x++y++z%

y <> [] =

length (x ++y) < p =

(forall i, In (x ++ pow y i ++ z) L) =
Pump L p w.
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Pumping lemma ?/11

Theorem pumping:
forall L,
Regular L —
exists p, p = 1 /\
(forall w, Inw L = lengthw = p = Inw (Pump L p)).

Intuition

Regular languages: there exists a minimum length such that every word of that length is
pump-able.

1. If L is regular
2. Then, there exists some p such that

3. Any word w with at least length pis in Pump(L, p)
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What about regular languages without Ioops?t.?g«s@g

Such languages have a maximum string length k. Pick the pumping length to be k + 1, now
your pumping property is vacuously true.
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But how do | use the pumping lemma? ?/11

Let us apply pumping to Examples.L3 = "a" > All > "b".

Goal exists p : nat,
p=1/\
(forall w : word,
In w Examples.L3 —
length w = p = In w (Pump Examples.L3 p)).
Proof.
apply (pumping - 13_is_reg).
Qed.
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How do you use the pumping lemma? %

BOSTON

You cannot use the result because you don't know what p is:
Ha : p = 1
Hb : forall w : word,

In w Examples.L3 —

length w = p = In w (Pump Examples.L3 p)

______________________________________ (1/1)

How do you use assumption Hb?
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We use the pumping lemma to
prove irregularity

Via the contrapositive

Goal (P > Q) = (~ Q = ~ P).

PAVACE)




Deriving irregularity ?/11

From the Pumping lemma

e If L regular, then pump-able, aka:
Ip,p > 1A (Vw,w € L = |w|>p = | Whathappens next?

w E Pump(L, p)) 1. To help you prove irregularity, we will

e Thus, if L is not pump-able, then L is not definea ~Pump(L, p) without using
the negation.

regular.
& 2. We show you how to use =Pump(L, p)
to conclude irregularity
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What is a non-pump-able language? ?/11

The Clogs language

Language Clogs(L, p) is the reverse of Pump(L, p).

The Clogs language Recall the Pump language
Definition Clogs (L:language) p w := Inductive Pump L p (w:word) : Prop :=
forall (x y z:word), | pump_def:
W =X+t y ++ z = forall x y z,
y <> [] = W= X+t y ++ 7 >
length (x ++y) < p — y <[] -
exists i, length (x ++y) < p =
~ In (x ++ (pow y i) ++ z) L. (forall i, In (x ++ pow y i ++ z) L) =
Pump L p w.
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The Clogs language ?/11

Intuition
All strings that break the pumping property for language L

Language Clogs(L, p): every word that can be partitioned into three parts w = xyz,
where y # ¢, and |zy| < p, and which we can conclude that zy'z ¢ L for some i.

The Clogs language

Definition Clogs (L:language) p w :=
forall (x y z:word),
w:x++y++z%
y <> [] =
length (x ++ y) < p —
exists 1,
~ In (x ++ (pow y i) ++ z) L.
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Clogged language %

UMASS
BOSTON

We say that a language L is clogged at length p if:

1. There exists a word w of length pin L
2. And that word is in Clogs(L, p)

Formally

Inductive Clogged (L:language) p : Prop :=
| clogged_word:

forall w,

Inwl —>

length w = p =

In w (Clogs L p) =

Clogged L p.
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irregular languages ?/11

If we can clog L for every lengthp > 1, then L is not regular.

Lemma not_regular:
forall (L:language),
(forall p, p = 1 — Clogged L p) =
~ Regular L.
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{0™1™ | Vn: n > 0} isirregular

27/39




Proving irregular languages 7

BOSTON

Theorem L; = {0™1" | Vn: n > 0} is not regular.
Proofidea

Show that we can clog L with any p.

Q: How do we show that we can clog L?

Inductive Clogged (L:language : Prop :
1. Pick a word w thatisin L | clogged_wor§§ ( guage) p P
2.Show that |w| > p where p is unknown forall w,
InwlL —

3. Show that w clogs L with p. length v = p —

In w (Clogs L p) —
Clogged L p.
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How do we clog a irregular language? ?/11

Intuition
Use the pumping length to your advantage.
We have:

Ljw| >p

2.w = |zyz|

3.zy[ <p

|dea for Ly

o If we pick 0P1P, then because of (3) |zy| < p we get that y must consist of 0's only
« When we pump gy once, thus zyyz, we have more 0's than 1's
e The pumped string is no longer has the same 0's than 1's
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Theorem L; = {0"1" | Vn: n > 0} is not regular. 7

UMASS
BOSTON

Proof. We prove that the language above does not satisfy the pumping property, thus the
language is not regular. Let p be the pumping length.

We pick w = 0P1? and must show that clog L:

Lw € {0"1" | Vn: n > 0}, which holds by replacing n by p.
2. |lw| > p, which holds since |w| = 2p > p.

CS420 D> Thepumping lemma;irregular languages Y Lecturel5 ) Tiago Cogumbreiro



Theorem L; = {0"1" | Vn: n > 0} is not regular. 7

UMASS
BOSTON

Proof. We prove that the language above does not satisfy the pumping property, thus the
language is not regular. Let p be the pumping length.

We pick w = 0P1? and must show that clog L:

Lw € {0"1" | Vn: n > 0}, which holds by replacing n by p.
2. |lw| > p, which holds since |w| = 2p > p.

3. Finally, prove w & Clogs(L, p): given some x, Y, z our assumptions are (H1) w = xyz,
(H2) |zy| < p,and (H3) |y| > 0, we must prove that

Ji, xy'z ¢ Ly

(We write in red what you need to prove)
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Proof. (Continuation...) m

UMASS

Leta + b = p, where zy = 0% and a, b € N (non-negative). B0SToN
We can rewrite (H1) w = xyz such that
(Hy) w=0"1"= 0 0"1°*

xYz xyY z
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Proof. (Continuation...) m

UMASS

Leta + b = p, where zy = 0% and a, b € N (non-negative). B0SToN

We can rewrite (H1) w = xyz such that
(Hy) w=0"1"= 0 0"1°*
NN
TYz Ty z

Or, simply,

(H,) 0% pb1otb = glevlgbylzvlt?
NN N N——

Ty z Ty z
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Proof. (Continuation...) We pick ¢« = 2, so our goal is to show that m

UMASS
BOSTON

0lzvwlgb1leylt ¢ fom1m | Wn: n > 0}
N ——
Yy z
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Proof. (Continuation...) We pick ¢« = 2, so our goal is to show that m

UMASS
BOSTON

0lzvwlgb1leylt ¢ fom1m | Wn: n > 0}
N ——
Yy z

Thus, it is equivalent to show that
[zyy| +b # |zy| +b

We can simplify it with,
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Proof. (Continuation...) We pick ¢« = 2, so our goal is to show that m

UMASS
BOSTON

0lzvwlgb1leylt ¢ fom1m | Wn: n > 0}
W
TYY z

Thus, it is equivalent to show that
[zyy| +b# |xy| + b
We can simplify it with,
zyy| +b— (|zy| +b) # [zy| + b — (ly| +b)
And,
ly| # 0
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Proof. (Continuation...) We pick ¢« = 2, so our goal is to show that m

UMASS
BOSTON

0lzvwlgb1leylt ¢ fom1m | Wn: n > 0}
W
TYY z

Thus, it is equivalent to show that
[zyy| +b# |xy| + b
We can simplify it with,
zyy| +b— (|zy| +b) # [zy| + b — (ly| +b)
And,

ly| #0

Which is trivially true since (H3) |y| > 0
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{w | w has as many 0’s as 1’s} is not regular

33/39




Theorem {w | w has as many 0’s as 1’s} is not regular EAASS
Proof idea

BOSTON

1. Adversary: picks p such thatp > 0
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Theorem {w | w has as many 0’s as 1’s} is not regular EAASS
Proof idea

BOSTON

1. Adversary: picks p such thatp > 0

2. You: Let us pick the same w as before
0717 € Aand |w| > p (trivially holds)
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Theorem {w | w has as many 0’s as 1’s} is not regular EAASS
Proof idea

BOSTON

1. Adversary: picks p such thatp > 0

2. You: Let us pick the same w as before
0717 € Aand |w| > p (trivially holds)

3. Adversary: decomposes w in xyz such that:
ly| > Oand |zy| < p
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Theorem {w | w has as many 0’s as 1’s} is not regular EAASS
Proof idea

BOSTON

1. Adversary: picks p such thatp > 0

2. You: Let us pick the same w as before
0717 € Aand |w| > p (trivially holds)

3. Adversary: decomposes w in xyz such that:
ly| > Oand |zy| < p

4. You: Let us pick 7 = 2:
1 > 0 (trivially holds)
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Theorem {w | w has as many 0’s as 1’s} is not regular 7

UMASS

Proof idea sosTor
1. Adversary: picks p such that p >
y:p D p=>0 Why?
2. You: Let us pick the same w as before
. e We are responsible for picking w, which
p1p

0"1F € Aand |w| Z p (tr|V|a|Iy hOldS) is the hardest part of the problem.
3. Adversary: decomposes w in xyz such that: By picking 0P1?, we replicate the proof

|y| ~ 0 and |:13y| < P we did in the previous exercise!

4. You: Let us pick 7 = 2:
1 > 0 (trivially holds)
5. Goal: You: show that xyyz ¢ A
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Theorem Ly = {w | w has as many 0’s as 1’s} is not regular EAASS

Proof. We prove that the language above does not satisfy the pumping property, thus the
language is not regular. Let p be the pumping length.
1. We pick w = 0P1P and must show that
o w € L9, which holds since thereare p O'sand p1's.
o |w| > p, which holds since |w| = 2p > p.

2. Finally, given some z, y, z our assumptions are (H1) w = xyz, (H2) |zy| < p, and (H3)
ly| > 0, we must prove that

Ji, xy'z ¢ Lo

(We write in red what you need to prove)
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Proof. (Continuation...) m

Let p = a + band |zy| = a. We pick ¢ = 2 and show that BosToN
0? oWl gb1ot ¢ {w | Vn: n has as many 0’s as 1’s}
NN
zy Yy oz
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Proof. (Continuation...) m

UMASS

Let p = a + band |zy| = a. We pick ¢ = 2 and show that BOSTON
0% 0 0°1%*" ¢ {w | Vn: n has as many 0’s as 1’s}
NN
Yy Y z

The goal below is equivalent:

a+ |yl +b#a+b
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Proof. (Continuation...) m
UMASS
Letp = a + band |zy| = a. We pick i = 2 and show that

BOSTON

0% 09 0°1%*" ¢ {w | Vn: n has as many 0’s as 1’s}
NN -
Y y z

The goal below is equivalent:
a+ |yl +b#a+b

And can be simplified to

ly| #0
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Proof. (Continuation...) m
UMASS
Letp = a + band |zy| = a. We pick i = 2 and show that

BOSTON

0% 09 0°1%*" ¢ {w | Vn: n has as many 0’s as 1’s}
NN -
Y y z

The goal below is equivalent:
a+ |yl +b#a+b

And can be simplified to

ly| #0

Which is given by the hypothesis that |y| > 0.
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{071% | j > k} isnotregular

37/39




Theorem: A = {071% | j > k} is not regular gﬂss
Proof idea

BOSTON

1. Adversary: picks p such thatp > 0
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Theorem: A = {071% | j > k} is not regular gﬂss
Proof idea

BOSTON

1. Adversary: picks p such thatp > 0

2. You: Let us pick w = 0P+11?
0117 ¢ Aand |w| > p (trivially holds)

3. Adversary: decomposes w in xyz such that:
ly| > 0and [zy| <p

CS420 D> Thepumping lemma;irregular languages Y Lecturel5 ) Tiago Cogumbreiro



Theorem: A = {071% | j > k} is not regular
Proof idea

1. Adversary: picks p such thatp > 0

2. You: Let us pick w = 0P+11?
0117 ¢ Aand |w| > p (trivially holds)

3. Adversary: decomposes w in xyz such that:
ly| > 0and [zy| <p

4. You: Let us pickz = 0:
1 > 0 (trivially holds)

5. Goal: You: show that zz ¢ A

A,

UMASS
BOSTON

Why?

o Ultimately, our goal is to show that w §§

A, thus that the exponent of 1 smaller or
equal than the exponent of O.
¢ Since the loop always appears on the

left-hand side of the string, we should
pick the smallest exponent possible that

uses p andstillw € A.Thus, we pick
ortlye,
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Proof. We prove that the language above does not satisfy the pumping property, thus thm

UMASS

language is not regular. Let p be the pumping length. BOSTON

1. We pick w = 0P™11P € A. Let |zy| + b = p. We have |zy| < pand that w = 07112,
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Proof. We prove that the language above does not satisfy the pumping property, thus thm

UMASS

language is not regular. Let p be the pumping length. BOSTON

1. We pick w = 0P™11P € A. Let |zy| + b = p. We have |zy| < pand that w = 07112,
2. We pick ¢« = 0 and show that

xz & {0717 | j > k}
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Proof. We prove that the language above does not satisfy the pumping property, thus thm

UMASS

language is not regular. Let p be the pumping length. BOSTON

1. We pick w = 0P™11P € A. Let |zy| + b = p. We have |zy| < pand that w = 07112,
2. We pick ¢« = 0 and show that

xz & {0717 | j > k}
3. Thus,

olevl—lyl+o+1qleylt ¢ £0i1k | j > k)
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Proof. We prove that the language above does not satisfy the pumping property, thus thm

UMASS

language is not regular. Let p be the pumping length. BOSTON

1. We pick w = 0P™11P € A. Let |zy| + b = p. We have |zy| < pand that w = 07112,
2. We pick ¢« = 0 and show that

zz ¢ {071% | j > k)
3. Thus,
0/zyl=ly[+b+11 |zy|+b ¢ {071% | j > k}
4.So, we have to show that

wyl =yl +b+1 < |zy| +b
z| +1 < [zy]
ly| > 1 which holds, since|y| > 0
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